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Abstract
Some new identities for the Fibonomial coefﬁcients are derived. These identities are related to the generating function of the
kth powers of the Fibonacci numbers. Proofs are based on manipulation with the generating function of the sequence of “signed
Fibonomial triangle”.
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1. Introduction
In 1915 Fontené in [1] suggested a generalization of binomial coefﬁcients, replacing the natural numbers by the
terms of any sequence {An} of real or complex numbers. The sequence {An} is essentially arbitrary but it is required
that A0 = 0 and An = 0 for n1. Hence he considered the generalized binomial coefﬁcients deﬁned by
{
n
k
} =
(AnAn−1 · · ·An−k+1/A1A2 · · ·Ak) and he gave the fundamental recurrence for them by
{
n
k
}
−
{
n − 1
k
}
=
{
n − 1
k − 1
}
An − Ak
An−k
.
Many papers were devoted to the generalized binomial coefﬁcients for example see [2–4,7] and [12].
Since 1964, there has been an accelerated interest in Fibonomial coefﬁcients, which correspond to the choiceAn=Fn,
where Fn are the Fibonacci numbers deﬁned by Fn+2 =Fn +Fn+1, with F0 =0, F1 =1. The Fibonacci numbers can be
also expressed by Binet formula Fn = (n − n)/
√
5, where = (1+√5)/2 and = (1−√5)/2. The Lucas numbers
Ln satisfy the basic Fibonacci recurrence but L0 = 2, L1 = 1 and therefore Ln = n + n.
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Thus, the Fibonacci coefﬁcients can be expressed for integers nk1 as
[
n
k
]
= FnFn−1 · · ·Fn−k+1
F1F2 · · ·Fk
with
[
n
0
]= 1 and [n
k
]= 0 for n<k. Gould in [2] gives their recurrence formula in the form
[
n
k
]
= Fk+1
[
n − 1
k
]
+ Fn−k−1
[
n − 1
k − 1
]
.
A generalization of this recurrence for the general second-order linear recurrence we can ﬁnd for example in [5].
As a special case of Horadam’s result in [6] it is possible to get the following relation for the generating function
fk(x) =∑∞n=0 Fkn xn of the kth power of Fibonacci numbers
fk(x) =
∑k
i=0
∑i
j=0 (−1)j (j+1)/2
[
k + 1
j
]
Fki−j xi
∑k+1
i=0 (−1)i(i+1)/2
[
k + 1
i
]
xi
. (1)
Shannon obtained in [9] some special forms of the generating function fk(x). We obtain for any odd integer k that
fk(x) = 5−(k−1)/2
(k−1)/2∑
j=0
(
k
j
)
Fk−2j x
1 − (−1)jLk−2j x − x2
(2)
and for any even integer k that
fk(x) = 5−k/2
(k−2)/2∑
j=0
(−1)j
(
k
j
)
2 − (−1)jLk−2j x
1 − (−1)jLk−2j x + x2
+
(
k
k
2
)
(−5)−k/2
1 − (−1)k/2x (3)
after simpliﬁcation of one of Shannon’s results.
The denominator of (1) is the polynomial Dk+1(x) =∑k+1i=0 dixi , where coefﬁcients di = (−1)(i/2)(i+1)
[
k+1
i
]
are
terms of the sequence which was named as “signed Fibonomial triangle” in Sloane’s on-line encyclopedia of integer
sequences with ID Number A055870. Probably one of the most famous identities for the Fibonomial coefﬁcients,
k+1∑
j=0
(−1)(j/2)(j+1)
[
k + 1
j
]
Fkn−j = 0,
where n, k are any positive integers such that nk+1, which corresponds to the sum in the numerator of the generating
function (1) for ik+1, is given in the encyclopedia (see [10]). From (1)–(3) we get the following generating functions
of di :
D(o)(x) =
(k−1)/2∏
j=0
(1 − (−1)jLk−2j x − x2) (4)
for any odd positive integer k and
D(e)(x) = (1 − (−1)k/2x)
(k/2)−1∏
j=0
(1 − (−1)jLk−2j x + x2) (5)
for any even positive integer k.
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Strazdins in [11] found similar forms of these generating functions by comparing the nth row of “the signed Fibono-
mial triangle” with the product of Lucas factors ln(x) = 1 − Lnx + (−1)nx2.
In [8] we found some identities for the Fibonomial coefﬁcients by manipulation with generating functions (4) and
(5). For example the identity
m∑
i=0
(−1)(i/2)(2l+i+(−1)k)L(k−2l)(i+n)
[
k + 1
i
]
= 0, (6)
where k is any positive integer, l(k − 1)/2, n and m>k are arbitrary nonnegative integers, was derived.
Throughout the paper we adopt the conventions that the product over an empty set is 1, that x represents the
greatest integer less than or equal to x and Iverson’s notation that
[P(k)] =
{
1 if statement P(k) is true,
0 if statement P(k) is false.
2. The main results
The aim of the paper is to ﬁnd some new identities for the Fibonomial coefﬁcients, which are certain generalizations
of (6), by manipulation with the following generating functions, which creates factoring quadratic polynomials in (4)
and (5)
Dk+1(x) = (k)
(k−1)/2∏
j=0
(x + (−1)j+k+1k−2j )(x + (−1)j+k+1k−2j ), (7)
where
(k) =
{
(−1)(k+1)/2 for k odd,
1 − (−1)k/2x for k even.
Theorem 1. Let k, m2(k + 1)/2 be any positive integers, i = (−1)li+k+1k−2lii be any distinct real numbers,
where li(k−1)/2 be any nonnegative integers and i == (1+
√
5)/2 or i == (1−
√
5)/2, for i=1, 2, . . . , m.
Write
Bi = −
∑
n1,n2,...,ni
1n1<n2<···<nim
n1n2 · · · ni , i = 1, 2, . . . , m. (8)
Let {xn} be any sequence of real numbers satisfying for nm or n< 0 the general linear recurrence relation of order
m
m−1∑
i=0
Bm−ixn+m−i − xn = 0 (9)
with the initial conditions x0 = x1 = · · · = xm−2 = 0, xm−1 = 1. Then for any integer p>k:
p∑
i=0
(−1)(i/2)(i+1)
[
k + 1
i
]
xk−i = 0. (10)
Theorem 2. Let k, m2(k + 1)/2 be any positive integers, i =  or i =  and li(k − 1)/2, i = 1, 2, . . . , m,
be any nonnegative integers which satisfy for m> 1 the condition that (li + 1)i = (lj + 1)j for each i = j and
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i, j ∈ {1, 2, . . . , m}. Then for any integer p>k
p∑
j=0
m∑
i=1
(−1)i+(j/2)(j+2li+2k+1)+li k(i)
[
k + 1
j
]
= 0, (11)
where for i = 1, 2, . . . , m
(i) = (2li−k)(k−j)i
∏
1 r<sm
r =i,s =i
((−1)ls 2ls−ks − (−1)lr 2lr−kr ).
Corollary 3. Let k, n(k + 1)/2 be any positive integers, li(k − 1)/2 be any distinct nonnegative integers for
i = 1, 2, . . . , n. Suppose that  =  or  =  and for i = 1, 2, . . . , n
(i) = (k−2li )j+2li k
∏
1 r<sm
r =i,s =i
((−1)ls 2ls − (−1)lr 2lr ).
Then for any integer p>k:
p∑
j=0
n∑
i=1
(−1)i+(j/2)(j+2li+2k+1)+li k(i)
[
k + 1
j
]
= 0, (12)
p∑
j=0
(−1)(j/2)(j+2l1+2k+1)F(k−2l1)j
[
k + 1
j
]
= 0, (13)
p∑
j=0
2∑
i=1
(−1)i+(j/2)(j+2li+2k+1)+2li kF(k−2li )j+2li k
[
k + 1
j
]
= 0, (14)
p∑
j=0
3∑
i=1
3∑
h=1
h=i
(−1)j/2(j+2k+1)+ih+[i>h]+j (i,h)F2j (i,h)+jk
[
k + 1
j
]
= 0, (15)
where
j (i, h) = li + lh(k − j) and [i > h] =
{
1 if i > h,
0 if ih.
3. The preliminary results
Lemma 4. Let m1 be any integer, {an}, {bn} be any sequences of real numbers and Ai , i = 1, . . . , m, be any real
numbers. Let a−i = 0 for i = 1, 2, . . . , m and {xn} be any sequence of real numbers deﬁned by xn =∑mi=1 Aixn−i with
xj = 0 for each nonnegative integer jm − 2 and xm−1 = 1.
Then for n0
bn = an −
m∑
j=1
Ajan−j (16)
if and only if
an =
n∑
i=0
xi+m−1 bn−i . (17)
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Proof. Let us show that identity (16) implies identity (17).
n∑
i=0
xi+m−1bn−i =
n∑
i=0
xi+m−1
⎛
⎝an−i −
m∑
j=1
Ajan−i−j
⎞
⎠
=
n∑
i=0
xi+m−1an−i −
m∑
j=1
Aj
n∑
i=0
xi+m−1an−i−j
=
n∑
i=0
xi+m−1an−i −
m∑
j=1
Aj
n+j∑
i=j
xi+m−1−j an−i
= xn−1an +
n∑
i=1
xi+m−1an−i
−
m∑
j=1
Aj
⎛
⎝ n∑
i=1
xi+m−1−j an−i −
j−1∑
i=1
xi+m−1−j an−i +
n+j∑
i=n+1
xi+m−1−j an−i
⎞
⎠
= an +
n∑
i=1
an−i
⎛
⎝xi+m−1 −
m∑
j=1
Ajxi+m−1−j
⎞
⎠
+
m∑
j=1
Aj
j−1∑
i=1
xi+m−1−j an−i −
m∑
j=1
Aj
n+j∑
i=n+1
xi+m−1−j an−i .
As in the previous two rows all sums are zero, this part of statement is true (the ﬁrst sum is zero with respect to the
deﬁnition of the sequence {xn}, the second sum as xi+m−1−j = 0 for 1 −m i − j − 1 and the third as an−i = 0 for
n + 1 in + m). Analogously we can prove that the converse holds too. 
Lemma 5. Let m1 be any integer, {yn} be any sequence of real numbers deﬁned by the general linear recurrence
with constant coefﬁcients of order m with the initial conditions y0 = y1 = · · · = ym−2 = 0 and ym−1 = 1. Suppose that
its companion polynomial has distinct roots 	1, 	2, . . . , 	m. Then terms of the sequence yn satisfy for n0 the explicit
formulas
(i) yn = 1
Vm
m∑
i=1
ϑ(m, i)	ni and (ii) yn =
m∑
i=1
⎛
⎜⎜⎝
m∏
j=1
i =j
(	i − 	j )
⎞
⎟⎟⎠
−1
	ni ,
where
Vm =
∏
1 r<sm
(	s − 	r ) and ϑ(m, i) = (−1)m+i
∏
1 r<sm
r =i,s =i
(	s − 	r ).
Proof. Clearly the following explicit formula for the sequence {yn} holds:
yn =
m∑
i=1
Ci	
n
i ,
where parameters Ci , i = 1, 2, . . . , m, are determined by initial conditions y0 = y1 = · · ·= ym−2 = 0, ym−1 = 1. Hence
from the initial conditions we get the system of m linear equations in the variables C1, C2, . . . , Cm. For m = 1 the
assertion is obvious, hence we consider m> 1 in the remainder of the proof. Case (i) follows from Cramer’s rule as the
determinant of the coefﬁcient matrix is a Vandermonde determinant Vm of order m and determinants in the numerators
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are (m, i)-cofactors of this Vandermonde matrix (thus all (m, i)-minors are again any Vandermonde determinants of
order m − 1). Case (ii) is implied by (i) after canceling the same factors. 
Lemma 6. Let {xn} be the sequence given in Theorem 1. Then the following formulas for the nth term hold:
(i) xn =
∏
1 r<sm
(−1r − −1s )−1
m∑
i=1
(−1)m+i
∏
1 r<sm
r =i,s =i
(−1r − −1s )−ni
and
(ii) xn =
m∑
i=1
⎛
⎜⎜⎝
m∏
j=1
j =i
(1 − (−1)lj−li 2lj−kj k−2lii )
⎞
⎟⎟⎠
−1
((−1)li+k2li−ki )n−m+1.
Proof. It is well known that the product
∏m
j=1 (x + zj ) is the generating function of the elementary symmetric
polynomials
i (z1, . . . , zm) =
∑
n1,n2,...,ni
1n1<n2<···<nim
zn1zn2 · · · zni , i = 1, 2, . . . , m.
Hence for i and Bi given in Theorem 1
m∏
j=1
(x + j ) = xm − B1xm−1 − B2xm−2 − · · · − Bm−1x − Bm (18)
holds. The fact that i = 0, for each i = 1, 2, . . . , m, implies Bm = 0. The polynomial
−Bm	m − Bm−1	m−1 − · · · − B1	 + 1 (19)
is the companion polynomial of recurrence relation (9), but it is “reﬂected” polynomial to the polynomial (18) (thus,
the roots of (19) are the reciprocals of the roots of (18)) and Lemma 5 implies the assertion. 
4. The proof of the main theorems
Proof of Theorem 1. According to (7), Dk+1(x) is divisible by x + (−1)lj+k+1k−2ljj , j = 1, 2, . . . , m, we can deﬁne
polynomials Pl1,l2,...,lm(x) =
∑k+1−m
i=0 pi(k, l1, l2, . . . , lm)xi by
Pl1,l2,...,lm(x) =
Dk+1(x)∏m
j=1(x + (−1)lj+k+1k−2ljj )
. (20)
For brevity we use the notationpi instead ofpi(k, l1, l2, . . . , lm) and j instead of (−1)lj+k+1k−2ljj . Thus, with respect
to (18) and (19), comparing the result of product:
Pl1,l2,...,lm(x)
m∏
j=1
(x + j )
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with Dk+1(x), we get
− Bmp0 = d0,
− Bm−1p0 − Bmp1 = d1,
...
− B1p0 − B2p1 − · · · − Bmpm−1 = dm−1,
pi−m − B1pi−(m−1) − B2pi−(m−2) − · · · − Bmpi = di, m ik + 1 − m,
pk+2−2m − B1pk+3−2m − · · · − Bm−1pk+1−m = dk+2−m,
pk+3−2m − B1pk+4−2m − · · · − Bm−2pk+1−m = dk+3−m,
...
pk+1−m = dk+1 = (−1)(k+1)/2.
Putting pi = 0 for i < 0 or i > k + 1 − m the previous relations can be rewritten as the recurrence
− 1
Bm
pi−m + B1
Bm
pi−(m−1) + B2
Bm
pi−(m−2) + · · · + Bm−1
Bm
pi−1 + pi = di−Bm
for any integer i. Using Lemma 4 for the sequences {pi} and {1/(−Bm)di}, withAi =−(Bm−i/Bm), i=1, 2, . . . , m−1,
and Am = 1/Bm, we have
pi =
i∑
j=0
xj+m−1
di−j
−Bm , (21)
where {xn} is deﬁned for nm by
xn = −
m−1∑
i=1
Bm−i
Bm
xn−i + 1
Bm
xn−m (22)
with the initial conditions x0 = x1 = · · · = xm−2 = 0, xm−1 = 1 (it is obvious that (22) implies (9)).
Replacing j by i − j in (21) we obtain
pi = − 1
Bm
i∑
j=0
xi−j+m−1dj . (23)
Setting i = k + 1 − m in (23) and using pk+1−m = dk+1, we get
k+1−m∑
j=0
xk−j dj = −Bmdk+1.
As the summand xk−j dj in the previous sum is equal to zero for j = k + 2−m, j = k + 3−m, . . . , j = k (with respect
to x0 = x1 = · · · = xm−2 = 0) and it is equal to −Bmdk+1 for j = k + 1 (according to x−1 = Bm, which follows from
(9)) the relation
k+1∑
j=0
xk−j di = 0
is true. As for i > k + 1 the integers di are equal to zero, we have
p∑
j=0
xk−j di = 0
for any integer p>k. Putting di = (−1)i(i+1)/2[ k+1i ] in the previous identity we obtain the assertion. 
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Proof of Theorem 2. The assertion follows from setting the explicit formula of the sequence {xn}, case (i) in Lemma
6, into (10) and certain clear simpliﬁcations—for example, we have to use that
∏
1 r<sm
r =i,s =i
((−1)ls+k2ls−ks − (−1)lr+k2lr−kr )
= (−1)k( m−12 )
∏
1 r<sm
r =i,s =i
((−1)ls 2ls−ks − (−1)lr 2lr−kr ). 
Proof of Corollary 3. Equality (12) follows from identity (11) if we set i = for each i, respectively, i = for each i.
Identities (13)–(15) can be derived in a similar way from (12) for n= 1, 2 and 3, respectively. At ﬁrst we get from (12),
for a ﬁxed chosen n, two identities setting =  and = , respectively. Multiplying the involved products, subtracting
these two identities and using the Binet formula we have (13) (it is clear that this identity corresponds to (6)), (14) and
(15), but forming the last identity claims some tedious simpliﬁcations. 
5. Conclusion
Analogously as in Corollary 3, we could get the identities for n> 3, but expanding of the involved products in (12)
is for these values of n complicated and creating identities would be immoderately extensive.
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